8 9 Algebraic  Codles
-Polcahewﬁals
let F be a -?eld.

F&a - set of all 'Fo\war\cw\‘ta.\s wirkdn C.eeﬁidev&s in F.
l'? f(x\-a.\x“-ea..\..x""+---+a.x+a°e'l=l§a ad anfo ., We say that degree c§ $oo s noand oIS
dencted lma de%(-gu\)un.

%Fos'r&mn 9.1 (Division P\l%w'rﬂnwx)

Let -?(-:0. %(10 e FE1 suda Haat dea(%(-x))>o.

There exst unigue %eo, e e Fead  wibh de%(r(-:o)<de%(%bo) sudh Haat fun%eogow-«-reo.

B«:\mFle Q.1

Let f(x)=14+113+31"+4x+‘\- , %eo=x‘+4ax+| e Z,5d4 .

kS
X+ 3%
Pado+ 1 )42 +3C+ bx + &

Fauxt s 0
253 4+ 28+ b
2 4+ 2k + 3
e XY

%(:J-x"-r%x . e = X4l

%Fos'rkiov\ 4.2 (Factor Theorem)

Let aeF and -feoe'FBa .

-f(o.):o if and ml«a iﬁ x-a is a -factov- cg -ch).
'quﬁ :
Bla division a(%or'rt\nvv\. f(-x.)r(x-a) 1(30-0-\'- -for Some. %&) eFEl and veF.

Then -f(qh\" ond  so -f(ab=o & x-a is a 'fa.cﬁov- wﬁ -feo.

Com“ a.ﬂa Ci A

A nownzero -Fohav\ow\ial -feoeFl':G e-f de%me n can have abt wmostk n zeros in F.




COY‘b“a\ﬂa ‘i’)_
l'f & is a —fwke Su\bgrbuF af the Mv\\'b’\?lica'bive grovp (F%, ) cf a field E ., then G 1s Cac.l\'c.
b Par(:icular. lf Fis a -fiv\i'te fneld L(F*) is a c‘achc. %rwcr
peof
Nete Hret G s a -ﬁvﬂ'&e abelian a\—uv\‘; and  hence lsawwrhic o Z/Fi“.z "%‘:‘Z Koo "Z/'ka"l
fwr Some primes P and k;eZ'.
Let m:lm(-F.‘".F':*.u.,Ff") , then wms= F'.:Ff‘mr.."“.
. k .
On the other |hand , Since F.»‘lm for all i=1,2,--.,, So |-§ (*"1‘"”'1"’6%'."'2 *Z/F‘:‘ """‘WF"'Z

we have m &%y, -,x) = (o,0,-..,0) . For -the Corresrondiﬂ% elemert e uf Gy e KD,

we have d™:1 ,and hence A is a zero of <"\ = 0.

'Tl'\erz-fore ot has at least F!‘P“‘F,_“' distinct  zeros . which imFlfes " F“‘F.k‘mr,k".

We have m:lcm(?,'",Ff‘,.-.,F.‘."'):F?'F,k‘mr..‘"‘. and so those ">;'s are distinct Tﬁmes )
ond G = Zfw whida s a cn.aclic %mu\?

Exawerle 9.2
(f P is a -Fﬁvne , (2,%74)% is isomow‘rl«ic “ Z/(r-nl whidh is a c;adic %mwr

'befiv\'rﬁ'lon 9.1
A noncorrtorst 'Fol\av\omiql -feoeFm Is irreducible over F or 18 an irreducible 'Fo(nav\omial in FEQ

rf —feo Cannct.  be eTresse.d as feo . %ml«w where %cx), heo e FBa wita

de%(%(uo) ,deg(hwk cle%(-fm) )

Bmw\Fle 33
-2 e@BD  is on Ivreducible 'Foluav\omia\.

<L-2 eREI is a veduable FOlanomia\ and 2= G-I +T).

ExawrFle F.4

Let feo:x3’+3x.+)_ hy/Aca B lf feo is reducible over Zg ., then tt must have a linear —fadnr.

Heuever,-fco)zz , -fm:n -S(:.) 1 "fm‘ 3 .fm«:s . all uf “hem are nonzero  whida imF‘ies fu)
has wo linear Lactor. ‘W\evefwe -fcx) s irreducible  over ZBA.




'R-urcsrexm 9=

lLet -feoeFtﬂ sudh that deg(—f(x)) = or 3.

Then feo i reducible. over F f ond ovxha lf -f has a zevro in F.

Findte  Belds

'Perosi'ﬁioV\ Q4

lf F s a.-field with lFl=F where P is_a 'ane'ﬂr\e.v\ E 1= ‘astm-Fkic “o Z‘,

'P\'oFosrhovx 95

For_all primes p ard Posi-b‘we. iwﬁe%ers k., there exists an  irreducible Fol~av\omxal e CWAC
whidh s cf degree. k.

Note -that -dre Ideal <geo> n Z06d is a wmoximal ideal , so Z?\'.ﬂ/«abm s a ‘j\'eld .
Furthevmore . elements in ZPBQ/<3(>O> are cf “tdre -forw\ rw+<3w> wheve Y&)&ZFEQ witdn

deqrt) s k-1 -nmfue , lzrbak%eoq . ?“.

However, what we have 18 not :)vsh the existence cﬁ a -field cf order Pk , but Hre —f:allowing-.

Theorem 9.1 (Charactevization uf Fintte. Fields )

Bvery finrte fmd has order pF where p = a prwe and k 15 a poesitve irteger.
Furthermore, all freids of order Fk are. isomorphic o ZpB1/4ge0> for an arbitrany dhoice of
de%ree k ireducible Pol\av\ow\ia( geoez‘,l:ﬂ.

Therefore, we dencte -the wnigue (up b0 isomorphism) -fw-te_ rekd oj‘ order Fk 5‘6 eu:(?k) i

Exa.mF\e a.5

Let fw=x’+x+| € ZEQ .

Nete -that f(oh fm= l#o ., So f&) has ne lmnear fac(:w- and hence t is ireducible over Z,.
—nr\erefcwe, F:2Z6Q/kxCex+1> is a fle.ld cf order -4 .

F-{o,l.x.xx1} (For siw?licrha_ Lwe werke re0 bk wnet reoa<lex 41> )

Aetx+1l = 0 wmod Pex4r)

e -%X-l= x4+l nod xCuxsr)




—l'l'\ev'eﬁovz % U0 = A = x4+ XED =21 mod o)

+ (o) 1 & A+ N o | 8 A+

o (o) [ x A+ o o o (o} (o)

| ( o At > | (o) 1 % x|

%X x Kt o [ x o x A+ [
Ak | A+ % 1 (o] A+l (o} e & | x

et of=tex  then L=n , L1

We can see -the wm\-b-rlicnﬁw. g (F*.) is Ccachc withh, A=x+1 as a 3eneru:bov-.
Ge. (F* ) = (2AL.+))

ExamFle, 9.6

Exerdise : Show  Haat 3(:0:;.’-&14-\ eZH s wreducible over Z,.

Therefore, F:250/cge> s a field of order =8,

F-{ax+ax+a.:aiez3.

Let heo=x+x+1 eF  How o ‘?V\d the w\'bi]:lc‘cahvz inverse a§ heo 2

Extended Euclidean A\%ov'rb)/wm . X+l
X AXA IS x4+
g(xh(x—eol'\(x)-c-x L4 X+ %
< 4+
hed= et D)+t L+ =+
x
L= A6 + &+ O

= e + Get) [%eo + &0 heol

= 6o + (x+0%(x)

S hed = | (med ge.s) ard mu\\-blFlica:k‘we. inverse. crf he s Rex+1 1S X

Nete that IF*l:2°-1:F , so e m“\'hrlicqﬁw_ group (F*.) is oachc and
'lSomowF\nic +o (ZA7 .+) . Since F 8 a Fﬁme_, P& = 6 whidh wmeans all elements exceFE 1

in F* are %ev\ercrknrs.




Psvmlo%ies between Z and Feaq:

The in'Ee%er ﬁr\% z The ?o(amm"al ﬁn% F&Q
lwte%exs _Po\laﬂaw\ialg

Primes lrreducible. -Fel.ammia\s

Zfwz{o., 1, -} Fea/<fw> c{ap X"+ +amta.: aieFl (deg 6Fed) = )
a+lb (mod w) o0 +heo (mod -fm)

alb (med m)

%&)-‘A(-:O (med -f(z))
FGJ/<-fm> is a -fle(:l =Y -feo s irreducible.

ZfwZ s a -fie\é owmis a rﬁvwe.

Enror Cov-rec“civ% Codes

B A
| A

™ 2 sevit =wm

hoisiy harnel

messane received =m’ ¢ m

Evrror  corvection needed !
Exam‘;le q:('

Su\ﬂwse we send a btk o or | across a nois% channel Hhak has a 'Froba\oili-ha F:O.l of evvror
l-g mz=1 is “the message 4o be sewt , instead c‘f send m d\red:lta, we send 111 (vweFedrk 3 times )

l-fov\ereceiva oll , 1ol or 110 , lhe corrects tt as L1t

but rf he receives ©o1 , 010, (00 or 000 , he ‘tends o -think the oﬁ%’gna\ message. IS ©OO.

Then he has o."'l;-\- 309 » Ol = 0932 (>09) drance o %e't “he correct mesa%e.

However. % Lt (ereat twice) is sertt , ol or 1o is received . The receiver i able —*o
detect. tre error , but he does et koo how o covrect !
(Eror Detection 7 Eror Correction )

ExawrF(e 9.8 ('Parrb.a Check)

Su\H»se. a w\essa.ae cf 3 bt s sert. Ve odd anei%‘t\'ﬂf\b'rESo-ﬂr\a't"ﬁf\emn‘oer cf
normzevo  brs is even . Furexc\MFle, +the message ol1o1l]l becomes ofloilll.

If-ﬂnereisonew,rtoanbe_dz&ctedbwtnd: corvected .




Sender Recenver

}

Codensords }
Messacae_ —> | Encoder | —

—> | Decoder | — HQSSG.%E

T No’ma Chanwel
Addm% extm ’|v\§>rw\crﬁov\

-‘fur error detection / correction

De?m‘r&ion 9.1

et A be an qukq‘oct (set cﬁ S!.am\oe\s). A code csf |evngA n 8 a V\oneMFb.a subset. C < A
Each elemevit in C is cadlled a codeword. (—f IP\\a%, C s called a q-any code .

[n exawrFle 93 and 8, A:=Z =101
[ exow?\e 93 ,C:{.0.00,C.1,D} ;

n examrle 9.8 ,C:{(a,0,.:--,09) : Q;€Z, and %q;:o (mod 2)}

Deﬁm‘r&‘(on 9.2

Let u.veA', the Hawwnin%_ distance  dm) s the viumber cf Places where w and v drﬁ’er.

'P\-uFosi'ﬁov\ .6

“The Halmming distonce s a metric on A, ie.
O dwN=o :fov- al u.veA ad dud=o rf and ovx\\a l‘f w=v

) dln, ) = dev, wy ‘fbv- all u.vel ;

2) dtwa) € dn )+ daa, ) fov- all u.v.weA  (called -(-.ﬁamg\a lv\e%»\alrba)

De?m‘r&im 9.2
Llet C be a code.

The winwwm  distance oj C is def‘med as  d@) = min {d,v): u.veC  ugvi.

- codewerds




Nobxtion : A  code o‘f le\r\gb\'\ ., wdh M=lCl codewords . and wirda  minimum

distonce d=-d(@), is called an n,M,d) code.

(dea :
BEror Detection BError Correation (Neavest Ne‘g\r\\bw "Decoeliv%3
d©)
received

ernror cle:be.cted

'R'oFoeriov\ 93

A code C con detect uP-toserrov-s'vfd(c)>s

e d@) > s+t

A code C con correct vp +o + ervors rf d)>x |, ie. A=Y+t

Rowds  on Geveral Codes

-PruFosl'E(on 9.8 CStn%le'b:W\ Boum&)
et C be a %-o.rv.a_ code . Then Msi:"d“.
Let c:=(c ., -scn) and Cz(cy, Cyyposen w)-

lf b,.c eC wth bfc , then d(b,c\;d(chd._ﬂ'\erefore, dek, e Y= 1.
bS(b|,b;,"',Bd_l,bdlbd-|i"';bh>

e = (Q,Ca, v Qg Cd  Cdars oot Cf

!

eoclh AT cr§ “truncated  codewads
dﬁw in at least one Place

Remark : A code sa:hsfres “the Sln%le:tov\ bound  withh e.%mlrl:-.a s called
an MDS code (Maximun Distance SeFamb\e)
(Moximize -the  number cf »Fossib\e. codewnords )




“.Defwe.m .4
A Hammiwa_ the.rz o-f radins v centered okt a codeword < , Ble.r) is e-ftv\ed as
Rec4) = {xeN . dx.cysr 3.

Remark . Ble,r) contains elements e -that d(-ﬁer- "f\"ww\ c Wn at most 'qucc.s.

Lewwma 9.1

Rect) has f_}gd’.‘:(%-nk= L (q-1) +C‘:(%-S'+... + C",‘.(%..)r elemertts .

‘PruFoerlovx |9 CS—Fhere 'Pa.cktng Round )

Letk C be a 2-ey n,M.d) code with d=22t+1 (Correct wp o errors ) . Then,
n
MsJ_.

<

P g o

k-: °

'P\’bef:
B e caeC with cfen, dlened 2d@=de dbr.
"ﬂ'\erefwe. Bl aBla D=
(humboer o? codewords ) »x (humboer cf elemeurts per grke.re.) < Q:
£ & "
M (Z§°C'.‘<(%-\) ) =q

Remark : A code Scthsftes Hre S‘F\/\ere. ‘Fqc.km%_ bound  wit e%mlﬁ:;a is called

a Fer—fech code .

n this case, we have 1l B t)=A" and so e.ve.na veceived x e can be
ceC

corvected o the vnigue ceC with xeBRlc€).

Exaw.Fle Q9

Suﬁmse C<{c.0.0), G, .1, G,2.203< A where A=Zy . Then n=3, %g's, M=
Cleav-l(a d-d@):2 22+l where +£:=1.

n

\Je.se.e_'ﬂ/\d&. M=3<ﬁ=#_ .
+ k
kZC"‘:(qO-O

ln 'Far'bim(av-, we have six elemenxts ,,2, (o,2,V ., (,o,x), (L,2,0),Q,0,),.1,0)

w‘mclz\ do nst lie in av“a B, with ceC .




Linear Codes
“.Defwe.w 9.5
lf A=F whidh s a ‘fm’rbe. -’fxeld ,the code CsF" is a vector sdosraee. , then C s called

a linear code .

ln this case, r§ IFl-i ad dim(@:=ksn , then there exists a basis {v.,va.--.v3cC

such Hhat 'gbr' all veC , there exist w\i%ue. Q,, 0,0 €F sudn that v=antann-- o

Hence , M=ICl = %k

Noteation : A lnear code of dimension k and lewstl/\ w is colled a Tn.kl code.
Furthermore |, r? “he  winimum distance cf “re code s d, t is called
a Dh.k.dl code.
(Therefore @ Dnk.dl cede s @ .gfd) cde , where [Flzg.)

For a %enem\ cede C ., 1t W\ma be hard o c.em‘»cte d©) , but we hawe -the "fbllowiv\%_
Fv-uFes'rtion r§ C is a linear code :

?VbPosiﬂon .10
I-f weF", the Hawming we.lgl«'l-. WG of “ is deﬁv\ed as the number crf nonzers Fla.ces.
Then  d©@) = min {1rtwd : ueC and ugol.
procf:
Note that 0eC. So d@ sdlu.e) zwtw For all ueC with ufo.
_I'he.vefore, d©@ = min Luwtwd - ueC and ugol,
On the other had |, d©@)=dw,w -fur some. u,nveC .
Since u,veC . we hawe u-vedl ."ﬂr\erzfure_,

dwa = du-v, 0) : wklu-v) > min Lt : ueC and ugol.

N

d©)



Ore oy 4o consbruct a Ghkl code is the —f»umwa..
Let TeMP) be -the léewb‘rba_ mabrix , PeM_ (6.
Then §:=[T PleM_ . B .

Note that the k vrou vectors v\, -- e F -fww\ a liV\QQY"ta_ lvxe\e‘xvdewt set
So C=§PQV\({\I.,\I\_,---,V‘-:\)= {vantani+-tav s a;eFY 15 a  k-dimensional Sm‘os?qcz cﬁ .
ln this case, § is called a %Q/\QMUV\% matrix. Ao , C={xgeF™: ~eF 1.

SV\FFose ok xeF* is the message. . then x§ eF" s the encoded messane .

Question : Given veF" ., how do we determine whether v is a codewsord , ie veC?

“.Defwe.m 3.6

A matnx H s called a 'Favl'h.ad\ecl: mabrix -for C \-f H l'\qs-H/\z'Frurerhaﬂna't
vel ‘rg and ovxlca rf JH =0 (K means v is Per?ené’\cular +o each vouw vector sg H)

FPYOF@ST(‘JQV\ Q.0
I-g G-I, PleM ., E s the %emera:hv\% werbrix -jm- a code C,4hen H:LP I, JeM, ., (F)

is a Faa-r(:;a check  matbrix -fw C.
prof

Vy H-r
vaH'
VieH'

-
‘. \iH =o -fm— iz, k.

-gH" = [T, P]-['P

T ]:-‘P-{P-.o (e M i) where wi's are vow vectors of G.
-k

< 3 k
veC , vaZ o for some aieF, then \IHT=(§ ang) H' = IZ_: b =0 (e ST ()]

\V Vit
Idea : 63["] € Mk,,,\(F) . H‘[ ; ]e M(n-k)scn(F) ie. \I'.€F“ 'Fv' T=l D, -,
v N

(3

< c
n-k)-dimn Ve -V k-dim




_n/\erefwe, ancther way “+o consbrct a lineor code is %i\!iv% H e M1y nE)
Such “that ‘he vow vectors ‘?)\'W\ a hneor(«.a_ inde‘remdevtt set and de?he.
C:fueP . yH - o% (Nl space. cf H) .

EXQW\P‘Q. F.1o  (Revistt cﬁ 6<QW\\>\e. 3.8)
|

{

3
I-f x=(a, ey --- ay) eZ: ,tren xG:=(a, oy -- a3 ag) where ags: IZ;'QE (mod 2D

There C={(a, a, --- ag) eZ%1 : Qg s %‘.q‘ (mod 2D 3 s.Zf_

8
Note +hat %Q; = 'D."L}"_lq; z 0 (mod D) , ie. we add e ei%lﬁﬁr\ quce. o a wessage xe'Z:
So -that “the number cf novere  places sg’ -dhe encoded message <G eZ¥ is even.

Also, H=Cl 1 1t t1)eM gz . l-§ one veceives Vv=(a, a, --- Q:)GZE ,
we  compute vH' whitch s exacbha iq; (mod ) (1xl matyix , to be Fredse) which s ©

i-f and on\v.a (—§ veC. h

"Decodiv\%
Nearest V\ei%\q\om- QlQCDCliV\%:
Problems - lf C is nokt a ‘Ferfec\'. code ,

@ % codewords
&ecetved wessaoe

how o decode ?

[n %e.v\e.ro.l, “dhe 'Frb‘olew\ cj ftvxe\ivxoé the wearest V\e.l%‘n‘oo\" W a %enem\ linear code
is _an  NP- cbw\F\e.‘E?_ ‘FmHQM.




S\avxdv‘bme. é&o&in%:
(‘f a codeword ceC S F" 15 sent ad veFE” is received ,then Y:=v-c €F" 1s the evror.

Idea : Consbruct a +able : rizo | G0 Cu g ---  Cy codewerds
n|l n c;a;\ S Cmana
decode
Gl n @) cwen
Y-N Y'N C\‘er LR C.p"t (‘N

\’—V—_/
C.om]:lek.e lisks cf elemessts cf [ =

How o choose ri's 2

Awmv\% “he vectors which are st 1 the —frst vouw , clhcose one c? Hdre smallest
ue:%kt to be vu (Pmbcdo\\& movre han one dhoices ) .

Aw\w% “he vectars whicdh are nskt 1 the -f\rst ‘o rows, choose one d? dre smallest

u.\elgkt to be vy.
Untsl gthJr\% a chF\e’:e list cf elemerrts crf .
Exercise 9.1

Llet urC={u+C lceCl (ealled a coset o§ <)
Show thatc (r;+C)n(rj+C)=c,S rf i#).

ExqwrFle .
. | (I}
Let C be a linear code uwita %emem‘bm% matrix €1=(°? : °)GM>.\4+(Z!)-
Then , C- {(o,o,c.m Lo, 1), (O, 1 ,o),((.l.o,l)‘ﬁ .
C, C. Cy
" n " 0n
(0,0,0. Lo, 1,1) O, 1,1,0) G0, 1)
decede
(1,0,0.0) 0,0,1,1) Cl,t,1,0) (o, 1,0,
©,1,0,0) @ (0,0,1,0) (.0.0,1)
(0,0,0.1) ,0,1.0) O, 1,1,1) (1,1,0,0)

H man be Slw , Since we have 4o  search aw\ovxg Hre e +alle !
'qu'i'ba check  wakrie  H \r\elPs !



Note -thet Pf ve T, V= Cit -‘fw- Some c; el and -

—n\en . \/H-r = CCH-\"P HT = QiH-r* Y‘jH = Y‘JH (deFendS on rj On'ua)

Constrct a *fable 1 Coset Leader Sa“dme
C z0 H .o

(ol r:.HT

LX) v-,\.,H-'

Once v s veceived | C.OW\FM'EQ vH' and e%\a.ls \r“-‘H-r -?rom Some. 3

Then , we decode v as Q:N-v,

o 1 I T Y
Eack'bo-‘:l/\e_emw‘;le, G|=(o' lo) . Haen H=(| o o ‘).
Coset  Leader Savxdme.
.:(0,0,0.0) ViH-r= (o,0)
R:=(1,0,0.0) ‘GHT= L)
=00, 1.0, Y',,HT= (1, o)
Y4=(0,0,0. 1) n,HT= Co, 1
o
l-§ va (1,1, 18 veceived , \IHT=(| L) 'l : = (1 o)=Y‘3HT
o

K On“a V\Qed = S?.a.Y‘C'/\

tren we decede t as civ-ov: o). the +tnble cﬁ S(and\rovv\es,‘

Discussion

Evera received  vector veF" can be decoded.
However, i may nest be -die nearest V\e.igwoo\r- decoehvx%.

Note that dav,eddene) =1, but we decode v as oy buk wnot .

[ -fnq‘& d@D:=2 , So we cannskt correct one  ervor.

Exercise Q2.

FRQF‘GCE. =00, 1,0,0) ba' (0,0,1,0) in -“dhe adbove examFle and decede. N=Clon, 0 o,%aivx.
Ans: c=0,1.0.0 will be obstained .’Tl«ere%ve,'&\e vesutt de":ewels on choices c‘f ris.




B’ma\r\a Hamvnivxg Ccdes

HFF‘icdﬁom csf “re (bimw.a) quwn'mg Codes -
C.on(:rolliwg evrrors in loh%— distonce ‘Edthovxe calls .

™

code \ev\gbbx s =D -

dim () - k='>.m-W\-| (so n-k=m)

where m =2

Consbrnction cf H:
Construct a wmxn matrix swch  that the 3--&‘/\ column I8 Hhe )o‘mona_ reFresewb:rbion

c—f j- Move e column \’e‘wese/rbf\g LY, 4o the end o okstain H=( % Ta) .

BQ'AMF\Q: wm=3 ,tren n=F. k=l .
binar\a \"e-‘xqsewb:ﬂjon cf 4

rr

move these columns to the end

The linear code  associated lo(a “he above H 15 called -the Hawwniv% code .

E'XAMF‘Q_ [ (3.4] HGW\Miv\% code )

I 1 © | | o © :_)?02:;?
o
H=l1 o1 1 o1 o ad so Gslog ot oo
ol I 1 © o | o oo I | 1
V—NT_‘
-P P

et veC wtdh v¢o. Then whwso .

Nete 4ot vH'=o . so
Gy wkw # |, othensise v:=e; and vH'=eiH' = it vow o-f H 4o
G Wk #2 . otherwise Nkl i#") ard o=uH' = e:.H-r-t e.-)H-r wWhich '\mFlts “he i-tn
and jth oo of H' are tre same (Contradiction) .

Sowka 2




Blso. nste that f V=l lo o oo).then wtw=3 ad vH:0o im?lies veC.
M«e,d(@;B and Wwe Con correct at least one error.

3 n
Futhermore . M:lCI-')f=|5= 2 = — 2 —
3 LAy

k=o

S 3,42 I—\mmg code iz a Fe\fec'('_ Code .

giaV\d\‘OW\E deco:llw% H

Coset. Leader Sandv-ow\e
N “Th
=(0,0,0.0,0,0.0) yH =(0,0,0) e Savxd\’owxes Qxce‘:"c (o,0,0)
T
,:(1,0.0.0.0,0.0) \r,H-'=(|,(,o) are quctl\a +he vows cf H .
R=(0,1,0.0,0,0.0) ‘(LH-‘:(l,o,l)
=X
Y4=(0,0,1,0,0,0.0) \rq_H =(o, 1,1)
A
Yg=(0,0,0,1,0,9.0) wH =L
X
Y¢=(0,0,0,0,1,0.0) 2=, 0,0
¥53:(0,0,0.,0,0,(.,0) \r_.'H-‘:(o,(,o)
=
Yg=(0,0,0.0,0,0,1) \rgH =(0,0, )

8
Rewark. : 'Hr (r+Q) = Z,g_

Since e can  covreckt “p +o | error, the Suavxdwrow\e dmdin% above is exact\q.a_
“dre nearest ha%b\l:or dec.od?v\%.

S,ﬂwse Hrat  velo.t,0,1,0,0, 1) s received, vH': (0.0, 1) = rgH,
then we decede t as civ-rgalo.,0,t.0,1.0)
l—g x:(x.,x,,x;,xq_)elt is e oﬁ%:nql W\QSSQ%Q . then

C:=x§ =21 Pl ]

~ x:=00,1,0,1)

Exercize 2.3
\Qv"rte do».W\ e 'Fav—rb.a. d/\e.ek matrix cf 'Hr\e =, |] Ha»nwxiv% c;:&e_ ' QV\d oLseNe_
that the assccizted code ® e v-eFe'ti-eiov\ code in e«amrle_ Q3 .



Exaw«FIe_ Q13 /[ Exexcise Q.4 (Lis, 13l quwv\'w% code )
The Tis.u7 Hamw\'w% code has 'erba check.  wmatrix

© O © | L 1t V' i L1l o o O

H = I I I ©o oo o1l | + \ o1 o ©
B o ( + | © !t I\ oo 1 \ © o ' o
1l ot I (o1l ol O\l oo o |\

Show Hagt A =2
Correct e veceived  veckor v:(0.0,0,0,1,0,0.0,0.0,1,1,0.,0,1).

Ans: c:(0.0,0,0,1,0.0.0.0.0,0,1,0.0.1)

t
CJ/\QV\%Qd

ExavwFle. [.14 / Exeraise 9.5
let F,=2Z53/<x+x+1>: o, L= x4},

| ©

X °© :
Lt H=( 10 T) eMus®d and so &- el e, (B

00 —
-00

>
|
|

Show  Hhat e associated code C is a Per-fvzct code  wrth @)= 3.
Sv«‘;rose that m=U % +0 18 intended 4o be sent.

Then . the encoded message IS M= % l+x (wX) Syyndrome
However l-? Va0l U 1 =) Is veceed | then \IH1= (U3 =0 D) =G+ (o Lt o ool
\__—V—_’

coset leader

_ﬂr\ere:fm ., the oﬁa'wa\ encoded message IS CsVoyr:=( % l+% ( =+x).

C%C,lic Codes

'Dejw\rﬁ':on QI
A linear Tnkl code C over a ‘?N\\'EQ —f&e‘d F is called c.achc rg

a6y, -, a)eC 'mthes (an.a,.:--,an)eC.

Main %AQS'EZOV\S ;
1) How o consbruct a oadic code 2
2) ‘I\)hla_ do we wneed c-achc codes



Think . FEa/cx-1> s a ﬁng_ as well as a vector Space over F.
P f . Fe/cx’- 1>

VU yector ce w
(qo, Q,. -..,Gv\..) 1Sowo iSW\ %(x) H %+Q|X+azx*-'.*%|xv\-l _(*)

C :cac\"c code «f(C\ : Su‘oquce cf B>
Su\osl:ace but  what SFeciq( s
Remark : Elements in FEI/-1> are c§ “the '?DYW\ %us+<£‘- 1> where %(x)eFEG .

we con cloose a rertsMEdbve %(x) so -that de%(%u)kvx )
Alse, Sometimes  we s'mFlv& wrrte. g0 € Fea/ot->  instead o‘f Q0+ iy

"Pro‘»sﬂ:lovx s NY
C s c:adic nj* and oh\\a rY @@ is an ideal cf FEQ /<=1 .
T:j) @) is an addrtive Su\o%m«l; cj FR/-1> as \f(C) s a vector sdosPace.
2) %(1) 2 Qo+ QA+ 4 Qu X € 'f(C) 1%(:.\€ \(:(C)
> Y"(%eoh(a,,a.,---,an-.)eC‘_
D (Qpy 00, Qpy iy Qan) €C ¢C-c s cadu:)
> lf(a...ha..a..---,a.\.;) 2 Qpyt QX+ AL+ -t O X = xgw € Q).
'B-a'ﬁ/e Some. ar%wvmt x%(x).x’%ho,--- are all in cP(C.)
and so obo%(-:oes(:(c) -fov- al aco e FEd/a-1> .
"rb\evefm SPQ TS an ideal .

‘<=" Trwial .

FP\"OF@S?‘QJOV\ .42

Eve—\a deal a‘g FEJAxX-1> s an ideal genem‘had \ma a_ womic -Fol(av\omial 8(70 e Fea

which s a factor cf e ol I

'F\‘bcr?:

let I be an ideal cj FEQ/G(?-D ond let %(30 be -the wmonic Folav\owﬁa\ n_ 1 widh -Hhe
lowest de%r'ee Then , claim T s the ideal %enera‘ted ba %(‘:0.

Also , Ba division a.lgov-i-UAm , there exist %bo L vt e FEQ vt de%(m\)<de%(3(1\) sudh -Hhat
-1 :%(':036:0-”‘(10 ard  so 60 = - 960 460 (mod x*-1) which i-mFlies ve) 18 cortained in “the

ideal %ev\erct&ml lma 3(:0.'l'\«e.re'§ure,v‘(z)=o Lie. %(:0 is Q"TGCEDV‘ cf e




[ conclusion, take a monic Polcavmw\’\al Feoe FEQ whidh s aq -facbw' °§ -

~then <3eo>={aw3m eFea/attis : acneFEa/xtl is an ideal 5 Fra/at-ns.

Fuarthermore . <gq60> s also a vector Subspace cf Fed/exs> .

Onder the Isomorplism beteen F and FE/x1> , the C.nﬂ"esFevxdiv% &A\osFoce. is a oaclic code .
b facl: . every Qac‘ic. TP is  constrcted b\a e above .

Exa.wrF\e 9.5

Let x-1eZuEA .

-1 can be -chbwrzed as G4+ DECET+ ) where every fqd:ov- is irreducible over Z, .

Take %&h G4 DECEx+ D = 4P cer |, Haen

Elements in <qe0> — 5 Elements mm C
o-%ho = O (o,o,o,a,o,o,o)rD
I-gm=l+f+f+1‘* (l,o,(,l,l.o,o)>
x-%(1)=x+xs+x‘.’+f (o, 1.0, 1.1,1,0)

(|+x)-3(x)-|+x+x‘+x.s (1,1.,1.0.0

i‘-%w=£+f+f+f ((o,o,l,o (,a,l))

(x+7f)-gw=x+£+f+u_‘ ©.1.1.1.0.,0,1)
(t+£)-%(~x)= L4+ 5+ (1,0,0,1.0.1,1)
(l+x+£)-g(x)= L4 +5+x® (1,1.0,0.1.9.1)

Exevcise 9.6

List all elewments cf C associcted b.a 3w=£+x+‘.

FP\’DP@ST('JQV\ [y

|-T %(-,0. q°+qlx+-.-+a’b_'1.l-l€Fw whidh s a -fac'tb\- o-f -1 . ad C is the associated lnear oode,
den ) dm@:=n-2 (let k:n-2)

Qo A, --- R ,0 O ---0
R) G:|lo A q, - G 0-:-0 G-Mksm(‘:) s a %enen:r(:in% merbyix of C.

o .o Qe Q, --- q}_‘

(e (-f he s bet bt oty ' € FBY such Hhat 3(7:)‘/\(1)=>L“-l . then
bb. -b, 0o ©0:---0

Helo bycbeo:be oo |eM [P is a'Fa.ri":\a dheck  matrix .

o i by b




[a vl ‘forws a basis c? <gb&)>.
) Check : GHT- o ,bukt rt is true becanse %co\/\mz o (mod 1) and
¥ kl-1+)
[G(H];) = Cbeﬁ Ug * A o‘ﬁ %bt)‘/\bt)=0
Mb’!a at it v-m..).}-'t\r\ columin eﬁ an’

RcH Codes
P\‘FF‘icd'E'lovx c:f BCH codes :

Satellite  communicctions ,CD ,DND -

%Nes a cxachc code C . However, what s the winimum distance d@
K leods us o sbzdua wore aoowt x-1

let F be a -fm-ee freld . ~then lFl=P“ -fw Some prime P ard meZ'.
Assume geitn.p .| e Ip] e Z) .
Consider [pl ,crj‘,l;r]‘,... , Since (Z42Y 1s a Frte %muf,-tkere exist 1,')e2* wrta i)
S et TpT =GP L e Plapd Gmod ) Let dai
Then. 'szl Gmod ) wnich iwplies F'"da | tmed n) and so v\|1>"‘d-l .
Therefire . we can consbruct a freld ' uhich conbains B with oder e
- T

Let (F')*-{I,F.F,---,F‘P'l} ard o "
Then I,d. -, X '€ F are zeros c‘f -1 e EBa.
Swmany: Lot F ke a furte fied of order .

l—f gesltnpd= then there existks a -flelc:\ F contnins E as a smlcﬁteld and

-t

ln sther words , x™-1 = (= DNG=)-o) - =) |

'Reca\\-.!-s we toke a -Tc\ctov- 3&) cﬁ’ L -l €eF&] , then e ideol %ev\embed \oa_ 3&0

Hrere exists JdeF such that x'-1 has exaCH(& n z.eros,v\aw\elna Lok, ok, -,

‘F\rbof: ay Evana clement cf C = cﬁ the ‘wan —fwgm where de:écf(-m s(v\-l)-deg(36m=w-!;

Q) Note that {%b.) XGEO - .x“"“"gbo} it a hv\ear{.a 'mdeFenden't set cs vectors |,

n-1



Exmvrrlz b
Consider -1 € ZBA (n=3) . 5C- = (-GG x+ O which camnst. be —fw-ﬂr\er 'fnctoﬁ'zed over Z,.
However. we can consider F =ZEQ]/<-6‘*13+\> : {o.1 - H.ga'g 22z .

1} "

lf we. cowsider -1 e Fra, Aok

then G-t = (1-0(1-«9\)(1-01") .

Exam-rle UF

Consider -1 € ZBA (n:3).

20— (= =D+ %+ EEH 1) which comnst be -fw-Hr\?r fnc(:or'n.ed over Z,.

Let F =ZE3]/<cas+(a+(> - Yao-ra.ta-c-a;\a": a:ieZ}.

Note -that F is a c,xacl'\c grovp s§ order F Jhich s a Pprime., So .f we let kgL,
“then A s a Senerortor c? F*, ie Fr= Qi .o .-, a0}

We con check o, &, o* are zeros cﬁ Lax+1 and . 85.0° ae zeros cf ot (L

N b
=< L (=) a4 1) (134-1 4+ 1) = (- l)(x-&)(x-d?)(x-ek")(x—oks)(x— LYx=ot®) :I_TQ(X-GJ)

et %&AGFBG be. a-foc‘:bw c‘?‘ x“-l=i-l'i(1-df) —fw«- some A eFE'.

Then %u}=('x~d~)')(x-d?‘)---(x-ok:“‘) with Os).<3,_<---<:)ksn.

If Some. uf Js -fwm a set c‘f consecutive Mbeaers-then we have a lower bound 'for' d© :

-Pro‘;os'rtion 9.5

lf “here exist tﬁte%ers L ond S such +hat a(d\,“)=3(ekh')=-..=3.(d~9‘+s)=o, dren d(Q) > S+ .

I-} gcm (- DECH 3+ 1) = (X=D - G- x-at) | then we have %(n . %(eh . 3(&) = 0.

Take 2:0, $:32 ., we have d@)> & .

(dea : (-f | =-§.co-fzco -_f,eo where  eadn Fioo is irreducible over F.
\We.  associcte 'Folnanew\ia‘s i,(i) , 2,6:0 yme, z,,_,(‘x) e T3 \ma
\eth‘m% Q60 =0 rf x-d; is a -fncﬁu(‘ °§ -f,po.

(e.a. Pj’ ot = GL-DECs+ Gk 1), then 2 = e, %(X)~%(x):%¢(x\xf;&\ and

-5' -f’“ -E'i %3 &) = %S(’J = %‘(1) :’E;(‘:O )



A BCH code of wminimun  distance d 1s a code %ev\ev-dw b\a
g(x) = lem o-g 2‘:*'(70 , %hu.@o S, 2l<-od-|(") -for- Some. 'iwtﬁ%er' k.
(so at least 3(&‘“‘) =3(a“*‘) s gcak*‘“)zo,

-F.,:t fLaket, S=d-2 we haove d@)> S+3=-d)

'Fv-oe-f cf 'Fnsros'rbion QIS :
Svcﬂ»se e Cowﬁnana, d< 8+ . Then -there existks €:=(Co,C.,-...C ) eC Wit wbk@) =ws S+

We write  c&O: C.L’J‘ + Ci,_".t:"-& ER C;N"L'N

Since ceC , C&) s a m,\\-kiFle cf %c-x,) ard we have C(eL")-C(eLQ'“)-----QLeL&*s) =O .

Q4 L
Then U ci, cwh o
(1)1 (Rl
A PR\ - Ci, |= Q,(el9'+') =| © — K
°él+u-l)l.- N Ok(l-\-w-l)'w Cio, o el’““’"‘) o
Q7, L1
A ' T | s {
(1) iy (1) Qi+ --- 4 i i 1
Nete. | cee A . o ll P° s k"
°k(l+\.d-|)'l: B d\(l—Hd-l)?u d\(w-‘)i' o d\(\a)-’l)iu

=dﬂl.+---+£iu —n-k (ol . d:") andermonde determinant)
ts)<ksw

# O
_\-»\Q.\'bem , (R) can onla_ have ~trivial Solution (Covttradiction )

'Decpcling cf BCH Codes

'Prv‘;os'r(:'-on .16

let C be a cachc code  uith caev\erabor ‘Folta_nomlal %ﬁo eFEq.
Swngse_ that A, , A, -, A are zevos o-j’ Qe -

T P R

LQ'E.H= ldVa.OL:"'ol:.\-l
[ S S

—ﬂnen V=(as.qQ,,:--, aw-n eC 1‘?‘ Q\ﬂd Uf\\ta .I'f VHT=0 .




-F\-bcf: NV =(as.Q.:--.Q, ) eC

@& V&)= Qo+Qx+ - +Q X = %(10%(7&) —fov- Some %eo e Fea.

S ) =0 'fbv- T=1,2,--0,
S \IH-T'-O
ExamFle .18

L)S‘m% —“the Se’ttiv\% Gf QxaMF(e QUF.

Let %(-x)=7}+-x+\ whidh ® a facéor sf -1 and %6.)=(x-00(1-eﬁ')(-x-vk“'3.
ln ?a\’tic»lar. %(ok\ = gkok") o and So d=13 .

| A ok &
Let H:(l L ) - .
& (M (Y

Let veZZ . veC '«f and o\r\\\a rg wH'=o.

6
Let G (0% 557 &) dada e Frst oo ros o M.

Vel = vi'co  but “the cowerse s nek tue Lie. A i not a 'Far'r-ha markrix
However, 1 can be used -for- d&edin% as +he -fol\ouzwéz
Sv\ﬂ»se “hat \leZ?_ IS a received w\essaae widh bt wiost one  evyor |,

R
‘t‘/\en \V=C+Y \J\ere_ ceC avxd =0 or ej=(o,o,---,l,- ,0)

~T ~T ~T
The e, vH = (cevriH =vH

l-i veC, VHT=O , "o _covrection is needed .

v ~T 3j- (1)
lf v costains sne error, vH = o5 AU I
(j—\\

b&a comfwhng oL / oL]-‘ = oks-‘, ten we know He eror 18 In the 3—'er Fos'r(:iov\
C= V-ej.

For ere,

f(o; oFat)
M V=(o,o.1,1,0,1,0) 1 recelved , vl:IT=(eL‘+o?+as, oy o d®) = (ol ot o), LU+l +ol)) = (0,0)
Then veC.
b vz(o,1.1.,0,0,0,0) 18 recelved A (a o, o) = () (o e llatol)sch-l = ok

Then (S, S =, ) and So Sufs, == At o A+ ) = ol zct’)
C=V-©¢=(0,(,1,0,1,0,0) is *the decoded message .




ExQMFle .19

Lot k=2 €Zs , we have ool L2, ot
3 .

Also, ol = (s &4 (x-3) =;l__'|:(x-d~')

Let %(1) e (-2 = Crbx+ D

eneret waarer (3 & 1 o
3 Vg xe(.(o'sﬂ-l)'

a3
[ o A A L X 4 3 . -
Alse H - (l o cf) = (I o 4) is a Pm-rba matrix

Sx,-ﬂ:ose Hdaat ve(R 2 o I)I is veceived .
I

\IHT:(S. s):=( 2 4 O ]2 4|1 4) = L)
4 |
34

S./S. = o whidh means 4he error i located at 2-vd 'quce.
Also vH =@ 4y 44 O- L\-e_z,l—\-r

—l'\r\erefbm, “he decoded message is czv-Ue,=(3 2 o ).

Howesver, Su.ﬂ:ose Hagk v (3 2 L 2)
| |

VHT=(s, S 2 202 & (20) # o&aHT ‘fbr
4
34

"rherefom, e vreceived vv\esaaée contains more than  ( error.

is vreceived .

Then -the cuaclic. code C %e.v\eru:bad ba %(':0 is a 2] code wirdh d@=3

ama acZs and ;.

and



